Abstract. We determine a new infinite sequence of finite 2-groups with deficiency zero. The groups have 2 generators and 2 relations, they have coclass 3 and they are not metacyclic.
Introduction
Let G be a finite group given by a finite presentation ⟨X | R⟩. The deficiency of this presentation is the difference |X|−|R|. The deficiency of G is the maximum of the deficiencies of all finite presentations for G. It is known that the deficiency of a finite group is always non-positive. Interesting is the boundary-case: the groups of deficiency zero. We refer to [4] for a general introduction to the theory of presentations and to [3] for background on groups of deficiency zero.
Each finite group of deficiency zero has trivial Schur multiplicator. The converse does not hold in general, see [6] ; it is an open question whether it holds for finite p-groups and looking for a deficiency zero presentation for a finite p-group which has trivial Schur Multiplicator, is enormously difficult.
In [1] various infinite sequences of finite 2-groups of fixed coclass exhibited which all have deficiency zero. For each of the infinite families there is a single parameterized presentation exhibited that has deficiency zero and defines the groups in the family. There are also various infinite families of finite 2-groups described for which it is conjectured that they have deficiency zero.
Consider the infinite pro-2-group S = ⟨a, u | a 2 = u 4 , (u 2 ) a = u −2 ⟩ of coclass 3. This infinite pro- see [5] . The aim here is to show the existence of deficiency zero presentation for one of the infinite families of the infinite pro-2-group S. More precisely, we show the following.
is a finite 2-group of order 2 n+5 and coclass 3 with abelian invariants (2, 4).
More precisely, the groups G n of Theorem 1.1 is a coclass family associated with the infinite pro-2-group S. It is proved in [ the groups G n form one of these three infinite families.
Proof of Theorem 1.1
The proof of the main theorem of this paper will be done in steps.
Lemma 2.1. Let n ∈ N and let w be a word of even length in {x, y} ± . Then the relations
Proof. By the second relation in G n it follows that
On the other hand, by the first relation of G n the word (yx) 2 com-
that is (yx) 2 commutes with all words of length two and consequently with any word of even length. 
Then the relation (yx) 4 = (y −1 x) 4 holds in both G n and H n .
Proof. Lemma 2.2 implies that the relation (y −1 x) 2 n+2 = 1 holds in G n . Therefore
holds in both G n and H n . Hence by Lemma 2.1, the relation (yx) 2 = (y −1 x) 2 n+1 +2 holds in G n and 4 holds in both groups. □
For n = 1, it is easy to see that G 1 is of order 64 and nilpotency class 4. This group is the 46-th group of order 64 in the "SmallGroups" library of Gap ( [7] ).
Proof of Theorem 1.1. We recall the relations of G n and H n in the relator form in order to treat them as elements of the free group F ({x, y}). 
